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A simple rigid-plastic homogenization model for the analysis of masonry structures subjected to out-of-
plane impact loads is presented. The objective is to propose a model characterized by a few material
parameters, numerically inexpensive and very stable. Bricks and mortar joints are assumed rigid perfectly
plastic and obeying an associated ﬂow rule. In order to take into account the effect of brickwork texture,
out-of-plane anisotropic masonry failure surfaces are obtained by means of a limit analysis approach, in
which the unit cell is sub-divided into a ﬁxed number of sub-domains and layers along the thickness. A
polynomial representation of micro-stress tensor components is utilized inside each sub-domain, assur-
ing both stress tensor admissibility on a regular grid of points and continuity of the stress vector at the
interfaces between contiguous sub-domains. Limited strength (frictional failure with compressive cap
and tension cut-off) of brick-mortar interfaces is also considered in the model, thus allowing the repro-
duction of elementary cell failures due to the possible insufﬁcient resistance of the bond between units
and joints.
Triangular Kirchhoff-Love elements with linear interpolation of the displacement ﬁeld and constant
moment within each element are used at a structural level. In this framework, a simple quadratic pro-
gramming problem is obtained to analyze entire walls subjected to impacts.
In order to test the capabilities of the approach proposed, two examples of technical interest are dis-
cussed, namely a running bond masonry wall constrained at three edges and subjected to a point impact
load and a masonry square plate constrained at four edges and subjected to a distributed dynamic pres-
sure simulating an air-blast. Only for the ﬁrst example, numerical and experimental data are available,
whereas for the second example insufﬁcient information is at disposal from the literature. Comparisons
with standard elastic–plastic procedures conducted by means of commercial FE codes are also provided.
Despite the obvious approximations and limitations connected to the utilization of a rigid-plastic model
for masonry, the approach proposed seems able to provide results in agreement with alternative expen-
sive numerical elasto-plastic approaches, but requiring only negligible processing time. Therefore, the
proposed simple tool can be used (in addition to more sophisticated but expensive non-linear proce-
dures) by practitioners to have a fast estimation of masonry behavior subjected to impact.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Structures and buildings are occasionally called upon to with-
stand exceptional dynamic loading regimes, caused by accidental
events, such as for instance impacts from vehicles or gas/ terrorist
explosions. In order to take into account the effect induced on
structures by exceptional loads, codes of practice of many coun-
tries, e.g. EN 1991-1-7:2006 (2006), require the safety assessment
of buildings when subjected to ad hoc equivalent static loads. Such
loads are usually obtained through empirical coefﬁcients and arell rights reserved.
x: +39 02 2399 4220.aimed at mimicking the effect of quasi instantaneous dynamic
actions.
An alternative approach to the assumption of simpliﬁed static
load distributions, usually based on simpliﬁcations and rules of
thumb, is the utilization of ﬁnite element non-linear dynamic anal-
yses (see e.g. Burnett et al., 2007; Wu and Hao, 2006, 2008), almost
always performed using commercial software available in the mar-
ket. According to authors’ knowledge, commercial codes devoted
exclusively to the non-linear dynamic analysis of brickwork are
still lacking. Moreover, when dealing with impact on masonry
structures, a non-linear standard dynamic ﬁnite element approach
is usually only applicable to walls of small dimensions, basically for
research purposes and requires considerable expertise. Still, the
computational cost is usually prohibitive, due to the need of
4134 G. Milani et al. / International Journal of Solids and Structures 46 (2009) 4133–4149modeling separately mortar joints and units in the framework of a
heterogeneous approach.
Due to the above reasons, despite the importance of the prob-
lem and the growing interest in the scientiﬁc community related
to the safety assessment of structures subjected to quasi instanta-
neous dynamic loads, only a few works dealing with this subject
seem to exist (Mayrhofer, 2002; Gilbert et al., 1998, 2002a; Wu
and Hao, 2006, 2008; Wang et al., in press).
Also, only a few laboratory experimental investigations devoted
to the study of dynamic loads simulating vehicles impacts on par-
apets (Gilbert et al., 1998, 2002a) and air-blasting, e.g. (Mayrhofer,
2002; Astbury et al., 1970), are available. These experimental pro-
grams aim at providing simpliﬁed assessment formulas and design
recommendations.
In this framework, it is appealing to develop a simple FE numer-
ical approach for masonry subjected to low and high velocity im-
pacts that avoids independent modeling of bricks and mortar
joints, that requires a very limited number of input parameters
to set and that is able to reproduce failure mechanisms and dis-
placements evolution at successive time steps.
As a matter of fact, the response of masonry when loaded out-
of-plane is strongly inﬂuenced by the anisotropic behavior of brick-
work at failure (see, e.g. Gilbert et al., 2002a; Milani et al., 2006a).
Furthermore, despite the fact that masonry behavior near failure
when loaded out-of-plane is locally brittle, laboratory tests (see
e.g. Southcombe et al., 1995) conducted on entire masonry walls
in two-way bending, have shown that failure takes place along a
deﬁnite pattern of lines, with a relatively ductile response. This in-
spired the utilization of approximate analytical solutions based
both on the yield line theory and on the fracture line theory (Sinha,
1978), able to predict with sufﬁcient accuracy the ultimate load
bearing capacity of entire walls, see Fig. 1. Up to now, the yield line
approach seems the most suitable to apply in practice for the eval-
uation of masonry behavior, a statement corroborated by the adop-
tion of this approach in many codes of practice, as for instance BS
5628 (1985), EC6 (1995) and EN 1996-1-1:2005 (2005).
In this framework, here, a homogenized rigid-plastic FE ap-
proach for dynamic analyses of masonry structures is presented.
Bricks and mortar joints are assumed rigid perfectly plastic and
obeying an associated ﬂow rule. Out-of-plane anisotropic masonry
failure surfaces are obtained by means of a limit analysis approach,
in which the unit cell is subdivided into a ﬁxed number of sub-do-
mains and layers along the thickness. A polynomial representation
of micro-stress tensor components is utilized inside each sub-do-
main, assuring stress tensor admissibility on a regular grid of
points and continuity of the stress vector at the interfaces between
contiguous sub-domains. Limited strength of bricks-mortar inter-
faces is also considered in the model, given by frictional failure0 1000 2000 3000 4000 5000 6000 0
1000
2000
3000
Fig. 1. Typical relatively ductile behavior of a masonry wall in two-way bending and ou
Milani et al., 2006c).with a compressive cap and tension cutoff, thus making the repro-
duction of elementary cell failures due to the insufﬁcient resistance
of the bond between units and joints possible.
Triangular Kirchhoff-Love elements with linear interpolation of
the displacement ﬁeld and constant moment within each element
are used at a structural level (Hellan, 1967; Hermann, 1967). With
the aim of numerically evaluating nodal displacements and inter-
nal actions at successive time steps, the simple quadratic program-
ming approach proposed in Capurso (1972a,b) is adopted.
Finally, in order to test the capabilities of the model proposed,
two examples are treated, namely a running bond masonry wall
constrained at three edges and subjected to a point impact load,
and a masonry rectangular plate constrained at four edges and sub-
jected to a distributed dynamic pressure simulating an air-blast.
The results of the ﬁrst example are compared with numerical
and experimental data available from Gilbert et al. (1998,
2002a,b) and Burnett et al. (2007), whereas, for the second exam-
ple, only limited numerical results are available from Wu and Hao
(2006, 2008).
It is stressed that insufﬁcient experimental data are available in
the literature concerning masonry out-of-plane loaded subjected
to impacts. Gilbert et al. (1998, 2002a,b) papers are probably the
only ones available giving a full description of masonry response
in terms of time–displacement, deformed shapes at successive iter-
ations, mechanical characterization of the constituent materials,
etc. Thus, the model here proposed is validated with standard elas-
tic–plastic procedures conducted by means of commercial FE codes
and hand calculations, proposed for instance in Gilbert et al.
(2002b) and essentially based on the assumption of perfect plastic-
ity. Despite the simpliﬁcations introduced by a rigid-plastic
assumption, the approach should be able to give reasonable re-
sults, as it is also considered in the masonry codes for out-of-plane
design (EN 1991-1-7:2006).
Apart from experimental validation, the homogenization ap-
proach here presented may be of interest for practitioners and
researchers involved in the analysis of masonry structures sub-
jected to impact, because the computational effort is minimal.
Finally, sensitivity analyses conducted with the model proposed
(almost impossible to carry on with commercial codes), may repre-
sent a further help in the design phase, giving a large set of infor-
mation on panels behavior at successive iterations.2. Masonry out-of-plane failure surface
A masonry wall X constituted by a periodic arrangement of
bricks and mortar with a running bond texture (Fig. 2) is consid-
ered. As shown by Suquet (1983) in a general framework and in2.0
1.0
0.0
3.0
Out-of-plane tests
5.0 10.0 15.0 20.0 25.0
p 
[k
N/
m 
 ]
o
u
t-
of
-p
la
ne
 
pr
es
su
re2
Experimental response 
Numerical non-linear analysis
Masonry panel 
out-of-plane loaded
Limit analysis
Maximum out-of-plane displacement
t-of-plane loaded (data from Southcombe et al., 1995; numerical simulations from
y1
y 2
y3
b/2b/2
b
ev
eh
eh
a/2
a/2
a
h
y1
y 2
y3
Y
y1
y 2
y3
Y
l
Elementary cell
X 2
X 1
Y
3
+
n
n
Fig. 2. Periodic structure (X1  X2: macroscopic frame of reference) and elementary cell (y1  y2  y3: local frame of reference).
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Milani, 2008), homogenization techniques combined with limit
analysis can be applied for the deﬁnition of the out-of-plane brick-
work strength domain Shom.
In particular, under the assumption of perfect plasticity and
associated ﬂow rule for the constituent materials and in the frame-
work of the lower bound limit analysis theorem, an estimation of
Shom can be obtained by means of the following (non-linear) opti-
mization problem (see also Fig. 2):
Shom ¼ ðM;NÞj
N¼ 1jYj
R
Yh rdV ðaÞ
M¼ 1jYj
R
Yh y3rdV ðbÞ
divr¼ 0 ðcÞ
srtnint ¼ 0 ðdÞ
rn anti-periodic on; @Yl ðeÞ
rðyÞ 2 Sm 8y 2 Ym ; rðyÞ 2 Sb 8y 2 Yb ðf Þ
8>>>>><>>>>>>:
9>>>>>=>>>>>>;
8>>>>><>>>>>>:
9>>>>>=>>>>>>;
ð1Þ
where:
– N and M are the macroscopic in-plane (membrane forces) and
out-of-plane (bending moments) tensors;
– r denotes the microscopic stress tensor;
– n is the outward versor of @Yl surface;
– @Yl is deﬁned in Fig. 2;
– srt is the jump of micro-stresses across any discontinuity sur-
face of normal nint;
– Sm and Sb denote respectively the strength domains of mortar
and bricks;
– Y is the cross section of the 3D elementary cell with y3 ¼ 0 (see
Fig. 2), jYj is its area, V is the elementary cell, h represents the
wall thickness and y ¼ y1 y2 y3ð Þ.
2.1. The micro-mechanical model proposed
A simple admissible and equilibrated micro-mechanical model
for the evaluation of Shom is adopted, following the model originally
presented in Milani et al. (2006a,c). The unit cell is subdivided intoa ﬁxed number of layers along its thickness, as shown in Fig. 3a. For
each layer, out-of-plane components ri3ði ¼ 1;2;3Þ of the micro-
stress tensor r are set to zero, so that only in-plane components
rijði; j ¼ 1;2Þ are considered active. Furthermore, rijði; j ¼ 1;2Þ are
kept constant along the DiL thickness of each layer, i.e. in each layer
rij ¼ rijðy1; y2Þ. For each layer one-fourth of the REV is sub-divided
into nine geometrical elementary entities (sub-domains), so that
the entire cell is sub-divided into 36 sub-domains (Fig. 3b).
For each sub-domain ðkÞ and layer ðiLÞ, simple polynomial dis-
tributions of degree ðmÞ in the variables ðy1; y2Þ are a priori as-
sumed for the stress components. Since stresses are polynomial
expressions, the generic ijth component can be written as follows:
rðk;iLÞij ¼ XðyÞSðk;iLÞTij y 2 Y ðk;iLÞ ð2Þ
where:
– XðyÞ ¼ 1 y1 y2 y21 y1y2 y22 . . .
 
;
– Sðk;iLÞij ¼ Sðk;iLÞð1Þij Sðk;iLÞð2Þij Sðk;iLÞð3Þij Sðk;iLÞð4Þij Sðk;iLÞð5Þij Sðk;iLÞð6Þij . . .
h i
is a vector representing the unknown stress parameters of sub-
domain ðkÞ of layer ðiLÞ;
– Y ðk;iLÞ represents the kth sub-domain of layer ðiLÞ.
The imposition of equilibrium (with zero body forces, as usually
considered in homogenization procedures) inside each sub-do-
main, the continuity of the stress vector on interfaces and the
anti-periodicity of rn permit directly a strong reduction of the to-
tal number of independent stress parameters.
Namely, the imposition of micro-stress equilibrium ðrij;j ¼ 0
i ¼ 1;2Þ in each sub-domain yields:
X2
j¼1
XðyÞ;jSðk;iLÞTij ¼ 0 ð3Þ
If p is the degree of the polynomial expansion, pðpþ 1Þ equations
can be written.
A further reduction of total unknowns is obtained imposing a
priori the continuity of the (micro)-stress vector on internal inter-
faces ðrðk;iLÞij nintj þ rðr;iLÞij nintj ¼ 0 i ¼ 1;2Þ for every ðk; iLÞ and ðr; iLÞ
contiguous sub-domains with a common interface of normal nint
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Fig. 3. The micro-mechanical model proposed. (a) Subdivision in layers along the thickness. (b) Subdivision of each layer in sub-domains. (c) Linearized strength domain for
bricks and joints sub-domains, with Mohr-Coulomb failure criteria, and for bricks-joints interfaces, with a Mohr-Coulomb failure criterion with compression linearized cap
and tension cutoff.
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ﬁcients can be written for each interface as follows:
ðbXðk;iLÞij ðyÞbSðk;iLÞ þ bXðr;iLÞij ðyÞbSðr;iLÞTÞ nintj ¼ 0 i ¼ 1;2 ð4Þ
Finally, anti-periodicity of rn on @V requires 2ðpþ 1Þ additional
equations per pair of external faces ðm; iLÞ and ðn; iLÞ (Fig. 3c), i.e.
it should be imposed that stress vectors rn are opposite on opposite
sides of @V:
bXðm;iLÞij ðyÞbSðm;iLÞn1;j ¼ bXðn;iLÞij ðyÞbSðn;iLÞn2;j ð5Þ
where n1 and n2 are oriented versors of the external faces of the
paired sub-domains ðm; iLÞ and ðn; iLÞ.
Some elementary assemblage operations on the local variables
lead to the stress vector of layer iL inside each sub-domain given
by:
~rðk;iLÞ ¼ eXðk;iLÞðyÞeSðiLÞ k ¼ 1; . . . ; number of sub-domains
iL ¼ 1; . . . ;number of layers ð6Þ
where eSðiLÞ is the vector of unknown stress parameters of layer iL.
It is worth mentioning that Eqs. (3)–(5) can be written in a com-
pact form as AS ¼ 0, where S is the vector of total stress parameters
and A is a matrix of geometrical coefﬁcients with ~n rows (express-
ing internal equilibrium in sub-domains, interface equilibrium be-
tween contiguous sub-domains and anti-periodicity) and ~m
columns (where ~m is the total number of independent + dependent
unknowns). Moreover, not all the rows of this system are linearly
independent and the linear dependence of some equations with re-
spect to others can be easily handled automatically (for instance by
means of Symbolic Math ToolboxTM) checking the rank of matrix A
and progressively eliminating linearly dependent rows.
Reliable results can be obtained if a third order polynomial
expansion is chosen for the stress ﬁeld. For this reason, in all the
examples treated next, such approximation is adopted.
It is stressed that, once the polynomial degree is ﬁxed, the out-
of-plane model presented requires a subdivision ðnLÞ of the wall
thickness into several layers (Fig. 3a), with an a priori ﬁxed con-stant thickness DLi ¼ h=nL for each layer. In this way, the following
simple (non) linear optimization problem is derived:
maxfkg
such that
N¼ Rk;iL ~rðk;iLÞdV ðaÞ
M¼ Rk;iL y3~rðk;iLÞdV ðbÞ
M¼ Mxx Mxy
Mxy Myy
 
¼k cosðwÞcosð#Þ sinð#Þ
sinð#Þ sinðwÞcosð#Þ
 
ðcÞ
w¼½0;2p h¼½0;p=2 ðdÞ
~rðk;iLÞ ¼ eXðk;iLÞðyÞeS ðeÞ
~rðk;iLÞ 2Sðk;iLÞ rI 2SI ðf Þ
k¼1; . . . ; number of sub-domains; iL¼1; . . . ;number of layers ðgÞ
8>>>>>>>>>>>>><>>>>>>>>>>>>:
8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:
ð7Þ
where:
– w and # are spherical coordinates in Mxx Myy Mxy, given by
tanð#Þ ¼ Mxyﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðM2xxþM2yyÞ
p ; tanðwÞ ¼ MyyMxx;
– Sðk;iLÞ denotes the (non-linear) strength domain of the constitu-
ent material (mortar or brick) corresponding to the kth sub-
domain and iLth layer.
– SI represents the bricks-mortar interfaces strength domain, see
Figs. 4 and 3c. As experimental evidences show, cracks usually
occur at the joints, therefore it appears particularly suitable to
assume a limited strength for brick-mortar interfaces. Basic fail-
ure modes for masonry with weak mortar are a mixing of sliding
along the brick-mortar interface, direct tensile cracking of the
interface and compressive crushing. Thus, a linearized Lourenço
and Rots (1997) failure criterion seems particularly suited for
the analysis near failure of bricks-mortar interfaces, merging
in a unique criterion frictional failure (Mohr-Coulomb), a ten-
sion cut-off ft and a compressive cap described by parameters
fc and U2, see Fig. 4.
– rI ¼ rI sI T is the micro-stress vector acting on the interfaces,
being rI the stress component acting perpendicularly to the
interface and sI the tangential stress component.
– eS collects all the unknown polynomial coefﬁcients (of each sub-
domain, of each layer).
11
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Mxx Myy Mxy space (see Fig. 5);
It is worth underlining here that:
– membrane actions are kept, for the sake of simplicity, constant
and independent from load multiplier. Hence, for the analysis
at collapse of panels reported next, in-plane actions affect opti-
mization only in the evaluation of Mxx;Myy;Mxy strength
domains. This assumption is usually acceptable since a ﬁxed
in-plane compressive load (regarded as permanent load)
Nyy ¼ N0 exists, the wall thickness is small and the collapse
is obtained at relatively small out-of-plane displacements.
– Condition ðf Þ of Eq. (7) is enforced, in each sub-domain, in cor-
respondence of a rxq rectangular regular grid of ‘‘nodal points”.
The authors shown that reliable solutions can be obtained with a
minimum of 3x3 grids (see Milani et al., 2006c).
The non-linearity of the terms ~rðk;iLÞ 2 Sðk;iLÞ, due to the (possible)
non-linearity of the strength functions of the components is easily
avoided by means of a piecewise linear approximation of constitu-
ent materials strength domains (see e.g. Anderheggen and Knopfel,
1972). On the other hand, it is worth noting that recent trends in
limit analysis have demonstrated that the linearization of theMyy
M
xy
M
xx
homogenized strength domain
Fig. 5. Meaning of k multiplier in the optimization problem and w and # angles.strength domain can be circumvented using conic/semideﬁnite
programming (e.g. Makrodimopoulos and Martin (2006), (Krab-
benhoft et al., 2007, 2008)). It has been demonstrated that, in terms
of processing time, this tool is better than classic linear program-
ming (LP). Both free (e.g. SeDuMi, http://sedumi.mcmaster.ca/)
and commercial (e.g. www.mosek.com) standalone tools are now-
adays available; nonetheless, since the aim of this paper is mainly
concentrated on the structural aspects, the classic interior point LP
routine available in MATLAB is used for the sake of simplicity.
Finally, some limitations of the model are worth noting. The ap-
proach proposed is a multilayer procedure with no interaction be-
tween the layers. This is of course the simplest way to obtain a
lower bound plate model, but raises questions on the fact that a
3D medium behaves in a similar manner. Furthermore, it is suited
only for running bond masonry, whereas there is no possibility to
utilize the suggested approach for double wythes structures. A 3D
equilibrated model (with the same subdivision into parallelepiped
sub-domains) is under investigation by the authors, with the aim
of applying it to multi-leaf structures subject to impacts.3. The quadratic programming problem at a structural level
In the ﬁeld of steel structures, basic theorems concerning rigid-
plastic dynamics, as well as models devoted to the evaluation of
the effect of impacts (including one degree of freedom so called
‘‘mode solutions”) are well known, e.g. Martin (1964), Martin and
Symonds (1965) and Tamuzh (1962) and many others. The main
hypotheses of such models are the following (see Capurso,
1972a,b; Cannarozzi and Laudiero, 1976), and a more recent paper
by Kim and Huh, 2006):
1. rigid perfectly plastic behavior of the material;
2. strain rate insensitivity of the yield stress;
3. negligible changes of the geometry during deformation.
These requirements are somewhat contradictory, since large
energy inputs will tend to cause large displacements and high
4138 G. Milani et al. / International Journal of Solids and Structures 46 (2009) 4133–4149velocities sensibly affect the value of yield stress. In order to cir-
cumvent these limitations, extensions to rate dependent materials
and large deformations problems were attempted in the ﬁrst appli-
cations (Capurso, 1972b; Martin and Ponter, 1972).
It has been shown in classic literature that rigid-plastic ap-
proaches perform well for ductile structural elements subjected
to impact and that experimental data available can be ﬁtted with
sufﬁcient accuracy (e.g. Bodner and Symonds, 1962). As a conse-
quence, rigid perfect plasticity has been used by many authors in
design practice to obtain a fast estimate (Martin and Symonds,
1965; Komarov and Nemirovskii, 1985) of deformations induced
by dynamic loads.
For masonry structures subjected to static loads, following the
pioneering work by Heyman (1969), limit analysis has been exten-
sively utilized (e.g. Orduna and Lourenço, 2005; Milani et al.,
2006b), certainly representing the faster tool of analysis for com-
plex structures (Milani et al., 2008).
In analogy to the static case, a rigid-plastic assumption for
bricks and mortar joints is attempted here, with the aim of analyz-
ing, with a simple and efﬁcient tool, full walls subjected to impact.
When dealing with discretized structures by FEs, the analysis of
rigid-plastic structures subjected to impulsive loading can be stud-
ied in the framework of a quadratic programming approach. In par-
ticular, within the class of all internal actions and accelerations
that are dynamically and plastically admissible (i.e. obeying dy-
namic equilibrium and belonging to the class of internal actions
connected with initial velocities, so representing a static formula-
tion, see (Martin, 1964)), the actual set minimizes, following the
original deﬁnition given in Capurso (1972a), the second order ki-
netic energy of the structure, i.e.:
minfXð€uÞg ¼ min 1
2
€uTm€u
 
subject to
eBT ~R ¼ FðtÞ m€u ðaÞeAeq eR ¼ ~beq ðbÞeAin eR 6 ~bin ðcÞ
8><>>: ð8Þ
where:
– €u is the vector of nodal accelerations. Following this notation, _u
and u will indicate in the following respectively velocities and
displacements nodal vectors.
– eR is the assembled vector of elements internal actions;
– FðtÞ is the external forces vector, generally dependent upon the
time step under consideration;
– m is the square matrix of masses, which typically are lumped at
each nodal point;
– eB is a matrix of coefﬁcients that depends only on size and shape
of ﬁnite elements utilized.
Considering a FE discretization of the body and assuming a
piecewise linear yield surface for an element E, the set of admissi-
ble internal actions states can be expressed by the set of linear
inequalities:
½ARE þ b ¼
P
 
½0 ð9Þ
where
– A ¼ Aeq; Ain
 
is the matrix assembling the components of the
outward unit normals to the linearized masonry failure surface
hyperplanes.
– b ¼ beq; bin
h iT
represents the vector of the distance of each
hyperplane from the origin.
– RE is the vector of element E internal actions.In Eq. (8), the superscript ~: indicates assembled matrices and
vectors corresponding respectively to local elements matrices
and vectors. The set of equations ðaÞ in the optimization problem
(8) represents dynamic equilibrium condition. The principle of vir-
tual work yields to the corresponding compatibility condition:
eB _u ~_epl ¼ 0 ð10Þ
where ~_epl is the assembled plastic strain rate vector.
It is interesting to notice that in Eq. (8), a partition of matrix A
and vector b into equalities and inequality constraints is imposed.
In particular, equality constraints represent points yielded in the
previous time step, whereas inequalities stand for the points in
which yielding can occur.
A so called ‘‘kinematic” formulation is also available Capurso
(1972a). In particular, within the class of all accelerations and plas-
tic multiplier rates that are kinematically admissible and obeying
an associated ﬂow rule (i.e. which comply with compatibility and
with outward normal rule for the set of planes not activated by
the initial velocities), the actual set minimizes the sum of the sec-
ond order kinetic energy and the residual dissipation rate of the
structure, i.e.:
minfNð€u; €kÞg ¼ min 1
2
€uTm€u FðtÞT €uþ ~bIT€k
 
subject to
eBI€u ¼ eAI€k ðaÞ
€k ¼ €kTy €kTr
h iT
ðbÞ
€kr P 0 ðcÞ
8>><>>: ð11Þ
where:
– €k is the vector of second derivatives of plastic multipliers (in the
present case plastic multipliers are referred to each interface).
€k ¼ €kTy €kTr
h iT
is the partitioned €k vector, where index y indi-
cates that the corresponding _ky–0, whereas index r indicates
that at the previous iteration _kr ¼ 0;
– The superscript I indicates quantities (i.e. vectors and matrices)
referred to interfaces. It is worth noting that the procedure out-
lined by Krabbenhoft et al. (2005), was adopted to obtain
homogenized masonry strength domains (and hence vectors
and matrices in the rotated frame of reference) for an interface
with generic orientation #I with respect to horizontal axis.
More in detail, if the vector kE ¼ kE1 kE2 . . . kEn
 T represents
plastic multipliers of an element E (or an interface I), the associated
ﬂow rule is expressed for each element as:
_eEpl ¼ AT _kE ð12Þ
where _eEpl is the plastic strain rate vector of element E. In the frame-
work of rigid perfect plasticity, Eq. (12) is subjected to the following
equality and inequality constraints:
_kE P 0
ð _kEÞTðARþ bÞ ¼ 0
(
ð13Þ
u with its derivatives with respect to time is a function of time, _eEpl
and _kE are also time dependent functions. Thus, differentiation of
Eq. (12) with respect to time yields:
€eEpl ¼ AT€kE ð14Þ
Element E (or an interface I), which is governed by plastic ﬂow law
(12)–(14), at a given instant t0 is in one of the following four cases:
G. Milani et al. / International Journal of Solids and Structures 46 (2009) 4133–4149 41391. if the internal actions vector RE is inside the failure surface, then
_eEpl ¼ 0, implying that:
_kE ¼ €kE ¼ 0 ð15Þ
with an undetermined state for the internal actions state.
2. if the internal actions vector is a regular point of the linearized
failure surface (say belonging to the jth hyperplane), but
_kEðt0Þ ¼ 0, one has:
_kE ¼ 0
€kEj P 0
€kEi–j ¼ 0
8><>>: ð16Þ
3. if the internal actions vector is a regular point of the linearized
failure surface belonging to the jth hyperplane) and _kEðt0Þ–0,
one has:
_kEj > 0
_kEi–j ¼ 0
€kEj free
€kEi–j ¼ 0
8>>>><>>>:
ð17Þ
4. if the internal actions vector is a singular point of the linearized
failure surface common to m hyperplanes, one has:8a 2 1 . . . m½ 
€kEa P 0 if _k
E
a ¼ 0
€kEa free if _k
E
a > 0
(
ð18Þ
In cases 2 and 3 the internal action vector is represented by any
point of the jth hyperplane, whereas for case 4 the internal action
state is uniquely determined.
The assembly of all elements transfers the qualitative behavior
of a single element (or an interface) to the overall discretized struc-
ture. Hence, the assembled stress state eR is constant during ﬁnite
time intervals. If the vector of external loads is assumed constant
during ﬁnite time intervals, it can be shown (Cannarozzi and Laudi-
ero, 1976) that the most general motion of a rigid-plastic structure
is a sequence of uniformly accelerated motions of ﬁnite time inter-
val. The interchange of two consecutive mechanisms is character-
ized by a discontinuity of the acceleration ﬁelds.
Therefore, the set of active yield planes of each element at a
given time t0 is known. For a time step of duration Dt we have:
_ky > 0
_kr ¼ 0
ð19Þ
where the subscript yðrÞ denotes the vector collecting all the
non-zero (zero) plastic multiplier rates in the structure, indicating
if a yielding condition for a certain element has (has not) been
reached. From the previous considerations, differentiation of Eq.
(19) yields:
€ky free
€kr P 0
ð20Þ
Finally, the following assembled equation representing the ﬁrst
derivative associated ﬂow rule condition is obtained:
~€epl  eAeqT eAinTh i €ky€kr
" #
¼ 0 ð21Þ
where the aforementioned partition of matrix eA is introduced.
Exploiting Eq. (10), a relation between accelerations and second
derivatives of plastic multipliers is obtained in the form:
B~€u eAeqT eAinTh i €ky€kr
" #
¼ 0 ð22Þwith corresponding static conditions:eAeq eR ¼ ~beqeAin eR 6 ~bin
~€krðeAin eR  ~binÞ ¼ 0
8><>: ð23Þ
Previous conditions (12)–(21), from well known connections be-
tween linear complementarity problems and quadratic program-
ming lead to the formulation reported in (8).
4. The FE thin plate triangular formulation
In order to solve low velocity impact problems for out-of-plane
loaded masonry structures, a FE thin plate triangular formulation
based on the plate bending element proposed independently by
Hellan (1967) and Herrmann (1967) is used. This triangular ele-
ment has been preferred to more accurate elements present in
the literature (Krabbenhoft and Damkilde, 2002; Krenk et al.,
1994), due to its simplicity and the low number of unknowns in-
volved in the optimization.
A constant moment ﬁeld is assumed inside each element E, so
that three moment unknowns per element are introduced. The un-
knowns are the horizontal, vertical and torsion moments ðMExx;MEyy;
MExyÞ or alternatively three bending moments MEinn;MEjnn;MEknn along
the edges of the triangle (Fig. 6a).
For what concerns the displacement ﬁeld, the element turns out
to be analogous to the Munro and Da Fonseca (1978) triangle. In
particular, the displacement ﬁeld is assumed linear inside each ele-
ment and nodal displacements are taken as optimization variables.
Denoting by wE ¼ wEi wEj wEk
h iT
the element E nodal displace-
ments and by hE ¼ #Ei #Ej #Ek
h iT
the side normal rotations, hE
and wE are linked by the compatibility equation (Fig. 7a and b):
hE ¼ BEwE ð24Þ
where:
BE ¼ 12AE
bibiþcici
li
bibjþcicj
li
bibkþcick
li
bjbiþcjci
lj
bjbjþcjcj
lj
bjbkþcjck
lj
bkbiþckci
lk
bkbjþckcj
lk
bkbkþckck
lk
26664
37775;
with bi ¼ yj  yk; ci ¼ xk  xj and AE is the element area.
Therefore, plastic dissipation occurs only at the interface I
between two adjacent triangles R and Kor on a boundary side
B of an element Q (see Fig. 7c). Continuity of MEnn bending mo-
ments is imposed for each internal interface between two adja-
cent elements R and K (i.e. MRinn ¼ MKjnn, see Fig. 6b), whereas no
constraints are imposed for the torsion moment and the shear
force.
Due to the constant assumption for the moment ﬁelds, internal
equilibrium for each element is ensured in integral form. By
means of the application element by element of the principle of
virtual work, three equilibrium equations for each triangle are
obtained:
RE þ BTEME ¼ PE þM €wE ð25Þ
where
– RE ¼ Ri Rj Rk½ T are nodal (unknown) reactions, see Fig. 6c;
– PE¼ 12AET
T
E
R
E 1 x y½ Tpðx;yÞdAðTTE ¼
ai aj ak
bi bj bk
ci cj ck
24 35;ai¼ xjykxkyjÞ. It
is interesting to notice that vectorPE can be regarded as a lumped
load equivalent to the resultant action associated to pðx;yÞ.
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Fig. 6. Bending moment acting at the edges of the triangular plate element used for the FE rigid-plastic analysis (a), continuity of the bending moment on interfaces (b), and
integral equilibrium (c).
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overall equilibrium. Matrix M is the matrix of equivalent
lumped masses and is obtained analogously to vector PE assum-
ing a constant density q inside each triangular element.
In order to ﬁnd the duration Dt of the time interval to discretize
Eq. (25), it is worth noting that:
_kyðtÞ ¼ _k0yðt0Þ þ €k0yðt  t0Þ
_kr ¼ €k0r ðt  t0Þ ð26Þ
where subscript 0 refers to quantities calculated in the previous
iteration. Since each component of vector _ky;r has to be non-nega-
tive, the duration Dt of the interval chosen is therefore:
Dt ¼ minfðt  t0Þ such that _k0y jiðt0Þ þ €k0y jiðt  t0Þ ¼ 0g ð27Þ
where the subscript i indicates a generic element of the vectors _k0y
and €k0y .
Further equality constraints have to be imposed in order to en-
sure nodal equilibrium, i.e. for each (not-constrained) node i the
following equation has to be satisﬁed:Xp
r¼1
REi ¼ 0 ð28Þ
where REi is referred to element E and p is the number of elements
with one vertex in i.
Since moment ﬁelds are kept constant for each element E, only
one set of admissibility conditions in the linearized formwk
E
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Fig. 7. Rotations at the edges of the triangular plate element used for the FE rigid-plastic
discretization of the 2D domain (c).AinE ME 6 b
E
inis required, where A
in
E is a mx3 coefﬁcients matrix of
the linearization planes of the strength domain, m is the number
of the planes in the linearization, bEin collects the right hand sides
of these planes and ME ¼ MExx MEyy MExy
h iT
is the vector of ele-
ment moment unknowns.
It is interesting to notice that assembled Eqs. (25) and (28) cor-
respond to equilibrium Eq. (8)(a), whereas moments admissibility
at each time step corresponds to constraints (8)(b) and (c).
The algorithm used to numerically solve the quadratic program-
ming problem (8)–(11) is a modiﬁcation of the revised simplex
method, applied to the LCP problem obtained from (8), by means
of the application of Kuhn-Tucker conditions. Details of the algo-
rithm can be found in Jensen and Bard (2003).5. Numerical simulations
Two examples are presented, in order to assess the capabilities
of the model proposed when compared to alternative numerical
results obtained by means of standard commercial non-linear FE
codes and, where available, to experimental results from the
literature.
It is noted that the topic has been under-investigated, both from
an experimental and numerical point of view. Therefore, the main
goal of the present paper is to provide structural comparisons with
approaches that may be utilized by practitioners in design.
As a secondary result, comparisons with experiments, when
available, have been attempted, obviously considering that ax
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Fig. 8. Stretcher bond masonry parapet subject to low velocity impact. Geometry of the wall and typology of dynamic load applied.
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mechanical properties for the constituent materials or by assuming
an ‘‘equivalent” reduced tensile strength.
The ﬁrst example is a masonry parapet arranged in running
bond texture experimentally and numerically tested by Gilbert
et al. (1998, 2002a,b), and Burnett et al. (2007). The wall is sub-
jected to a low velocity impact simulating the crush of a car on a
masonry parapet. Comparisons with experimental data available
(Gilbert et al., 1998), numerical simulations by Burnett et al.
(2007) and 2D/3D elastic–plastic heterogeneous FE analyses con-
ducted by means of the commercial software Strand 7.2 (2004)
are reported, in order to show that reliable results can be obtained
with the model proposed.
Since experimentally determined mortar tensile strength is, in
this case, relatively high, numerical rigid-plastic time–displace-
ment response may be compared with experimental data only
assuming an ad hoc reduced value for ft . With this aim, a sensitivity
analysis is conducted by varying ft in a wide range. Thanks to the
very small CPU time required for the rigid-plastic simulations,
multi-parameters sensitivity analyses are possible.
The second example is a square plate constrained at four edges,
subject to a dynamic load simulating an air-blast (Wu and Hao,
2006, 2008). Experimental data are missing in this case, as well
as precise time–displacement curves from numerical simulations.
A similar simulation with time–displacement curves available (at
least for a rough estimation of the performance of the present sim-
ple model with respect to complex non-linear analyses) may be
found in Wang et al. (in press). For this reason, similarly to the pre-
vious case, the rigid-plastic model is compared with heterogeneous
2D and 3D elastic–plastic Strand 7.2 models.
For both examples, maximum displacement–time diagrams
show that reliable results (in comparison with standard 2D/3D
FE approaches) can be obtained with the homogenized model pro-
posed. On the other hand, a proper experimental validation of the
approach presented is not possible, due to the lack of experimen-
tation in this ﬁeld, especially in presence of mortar with low
mechanical properties.Table 1
Stretcher bond masonry parapet subject to low velocity impact. Mechanical charac-
teristics assumed for bricks-mortar joints (ft: tension cut-off, c: cohesion, U: friction
angle, fc: compressive strength, U2: shape of the linearized compressive cap).
ft ðMPaÞ c U fc ðMPaÞ U2
CASE A 0.10 1:2f t 30 20f t 30
CASE B 0.25 1:2f t 30 20f t 305.1. Masonry parapet subjected to point low velocity impact
The performance of brickwork parapets subjected to a low
velocity impact simulating a car crash was numerically and exper-
imentally evaluated respectively by Burnett et al. (2007) and Gil-
bert et al. (2002a). Analytical simpliﬁed approaches are also
available from Gilbert et al. (2002b). Several parapets differing in
length and bricks disposition (stretcher, English and English Gar-
den bond) were tested (see (Burnett et al., 2007; Gilbert et al.,
2002a,b) for details). Here, for the sake of conciseness, only the
running bond conﬁguration (two replicates labeled as C6 and C7
by Gilbert et al., 2002a) is considered. In particular, walls C6 and
C7 are identical stretcher bond parapets with dimensions9150  1130  215 mm (length  height  thickness) built with
highly resistant concrete blocks of dimensions 440  215 
215 mm (length  height  thickness) and approximately 10 mm
thick joints, see Fig. 8. The parapet was subjected to an out-of-
plane car like impact, applied by means of a square steel plate posi-
tioned in correspondence of the mid-length. Two stiff concrete
abutments were positioned at the extremes of the wall, thus pre-
cluding the rotation of the vertical edges. The ﬁrst row of blocks
was directly positioned in correspondence of a stiff steel ﬂoor, thus
allowing (at least in principle) a free rotation of the horizontal
edge.
For the numerical simulations, a triangular time-load distribu-
tion was assumed, with a peak value equal to 110 kN reached at
25 ms, see Fig. 8, approximating the experimentally registered load
applied.
In the numerical simulations conducted by Burnett et al. (2007),
a heterogeneous approach with joints reduced to interfaces with
frictional behavior and elliptic tensile cap failure criterion, with
bricks assumed as linear elastic, was adopted. Post peak joints
behavior was found with a marked softening branch, whereas for
the initial tensile and shear strength, relatively high values
(0.45 MPa and 0.63 MPa, respectively) were used. If such a high va-
lue of tensile strength is adopted in the rigid-plastic approach here
proposed, dissipation occurring in joints is obviously overesti-
mated, with a consequent underestimation of displacements at
increasing time steps. This behavior is typical for a rigid perfectly
plastic approach, where it is not possible to model the well known
softening behavior in tension of the mortar joints.
As discussed above, the model proposed may approximate well
experimental data in presence of joints with poor mechanical
properties or assuming a reduced tensile strength for mortar, thus
simulating masonry behavior after initial cracking of joints (see the
numerical simulations reported in Hamed and Rabinovitch, 2008).
In order to have a better insight into the global behavior of the
parapet using the model proposed, two different sets of mechanical
properties for bricks-mortar interface tensile and shear strength
are assumed, as summarized in Table 1. As it is possible to notice
from the table, tensile strength values adopted are lower with re-
spect to Gilbert et al. (2002a). The goal of the simulations is, in-
deed, to show that, when cracking of joints has occurred, the
behavior of the walls can be satisfactorily reproduced with
the model proposed, provided that particular care is utilized in
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sufﬁciently large range of cases, a relatively low tensile strength
is assumed for CASE A (approximating a scarcely tensile resistant
material), whereas for CASE B the simulations are repeated suppos-
ing a higher strength for brick-mortar interfaces (typically ranging
between 1/2 and 1/5 of the initial strength). For bricks and joints
sub-domains, a classic Mohr-Coulomb failure criterion in-plane
stress is adopted (bricks cohesion is 2 MPa, bricks friction angle
is U ¼ 45, mortar cohesion is c ¼ 0:63 MPa, and mortar friction
angle is U ¼ 38 (data collected from Burnett et al. (2007)).
At structural level, both a shell (hereafter named as 2.5D) and a
3D FE heterogeneous elastic–plastic dynamic analysis have been
conducted, in order to have adequate insight into the problem
and to collect results to compare with those provided by the pres-
ent rigid-plastic approach.Fig. 9. Stretcher bond masonry parapet subject to low velocity impact. (a) FE limit analy
plastic 3D model discretization (WI3D). Only 1/2 of the wall is analyzed for symmetry.The two different heterogeneous meshes utilized in the 2.5 and
3D case are depicted in Fig. 9b and c, respectively, together with
the homogenized mesh adopted, shown in Fig. 9a. Models will be
denoted hereafter respectively with labels WI2.5D and WI3D for
the sake of simplicity.
For both WI2.5D and WI3D models, the commercial software
Strand 7.2 (2004) was utilized to perform the dynamic non-linear
analyses. As shown in Fig. 9, a relatively reﬁned discretization
was adopted for WI2.5D and WI3D, in order to avoid possible
inaccuracies due to mesh dependence. A Mohr-Coulomb failure
criterion was used for bricks (with the same properties of the
rigid-plastic model proposed), whereas for joints a Mohr-Coulomb
failure criterion with the tensile strength and friction angle of
bricks-mortar interfaces used in the homogenized approach was
adopted. It is worth noting that, for model WI2.5D, elastic–plasticsis discretization. (b) Elastic–plastic 2.5D model discretization (WI2.5D). (c) Elastic–
G. Milani et al. / International Journal of Solids and Structures 46 (2009) 4133–4149 4143eight-noded quadrilateral elements were used in order to prevent
possible numerical inaccuracies due to locking phenomenon in
bending. For WI3D model, eight-noded brick elements were uti-
lized both for joints and bricks, with a double row of elements
along wall thickness.
A comparison among the deformed shapes at t = 100 m
obtained with the present model, WI2.5D and WI3D is schemati-Fig. 10. Stretcher bond masonry parapet subject to low velocity impact. Comparison am
Heterogeneous 2.5D elastic–plastic FE approach. (c) Heterogeneous 3D elastic–plastic FEcally depicted in Fig. 10 (CASE A results are shown). As it is possible
to notice, all models give almost the same response in terms of
deformed shape for the particular instant time inspected
(100 ms), except for the presence of a slight out-of-plane sliding
at the base of the wall (particularly evident in the model WI3D),
which obviously cannot be reproduced with simple Kirchhoff-Love
approaches as the one presented in this paper.ong deformed shapes at t = 100 ms: (a) homogenized limit analysis approach. (b)
approach. Only 1/2 of the wall is analyzed due to symmetry.
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Fig. 11. Stretcher bond masonry parapet subject to low velocity impact. Results
from the rigid-plastic model, CASE A. (a) Maximum displacement–time diagram. (b)
Perspective view of deformed shape evolution.
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
0
0.005
0.01
0.015
0.02
0.025
0.03
0.035
0.04
0.045
[sec]
m
ax
 d
is
pl
ac
em
en
t [
m
]
a
b
Fig. 12. Stretcher bond masonry parapet subject to low velocity impact. Results
from the rigid-plastic model, CASE B. (a) Maximum displacement–time diagram. (b)
Perspective view of deformed shape evolution.
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quired only 252 s to be performed on a standard PC Intel Celeron
1.40 GHz equipped with 1 GB RAM, a processing time around 100
and 200 faster than WI2.5D and WI3D, respectively. Due to the
very limited computational effort required, full sensitivity analyses
are possible even for complex structures.
In Figs. 11 and 12, the response of the homogenized rigid-plas-
tic model when subjected to the aforementioned impact load is re-
ported for CASE A and CASE B respectively. In particular, maximum
out-of-plane displacements at increasing time steps as well as the
evolution of the deformation at successive instants are represented
graphically.
A full comparison among maximum out-of-plane displacement
at the mid-length top point of the wall at increasing time obtained
with the different models previously described is reported in
Fig. 13. Results obtained adopting a simpliﬁed model based on
the a priori assumption of rigid body motion with dissipation on
interfaces between contiguous bodies (Gilbert et al., 2002b) are
also represented. It is interesting to notice that wall deformation
depends signiﬁcantly on cohesion and tensile strength of bricks-
mortar interfaces, conﬁrming that the selection of mechanical
properties is a key issue. In any case, if compared with standard
elastic–plastic procedures, the model adopted seems to provide
quite accurate results, at a fraction of the time of non-linear dy-
namic FE simulations.
Finally, in Fig. 14, sensitivity analysis results are reported rang-
ing tensile strength from 0.1 to 0.3 MPa. In particular, the maxi-
mum out-of-plane displacement (at the end of the simulations,
i.e. 200 ms) obtained with the model proposed at increasing ft is
depicted. As expected, maximum displacement decreases signiﬁ-
cantly when high strength mortar is adopted. Furthermore, from
the sensitivity analysis shown, a value of ft around 0.2 MPa pro-vides optimal experimental data ﬁtting. From the results reported
in Fig. 14 and remembering previous considerations and limita-
tions, it can be stated that a rigid plastic model can be adopted
to analyze masonry structures subjected to low velocity impacts,
giving interesting information on displacement–time curves, pro-
vided that a careful analysis of input mechanical properties is done
(i.e. in the range of the low values suggested by codes of practice).5.2. Square masonry plate subjected to air-blast load
A simply supported masonry plate of dimensions 200  180 cm
(length  height), built with hollow concrete units of dimensions
390  190  190 mm (length  height  thickness) and subjected
to an air-blast load is here considered as a second example
(Fig. 15). A similar example has been numerically analyzed by
Wu and Hao (2008), where a deep discussion on aspects related
to masonry cracking during air-blast was reported. No information
on the maximum displacement at successive time steps to com-
pare to present FE results is at disposal from Wu and Hao (2008),
therefore the example here treated is aimed at testing the capabil-
ities of the model proposed when compared with FE standard
codes only (i.e. without speciﬁc reference to (Wu and Hao, 2006,
2008)). Furthermore, no experimental data are available in the
technical literature for this example. A similar example with
time-maximum displacement numerical diagrams on a square ma-
sonry plate subjected to blast is discussed in Wang et al. (in press).
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tions as well as displacements at increasing time steps result in
very good agreement with simulations presented in this section
(even if only a qualitative comparison is possible in this case), con-
ﬁrming the capabilities of the model proposed (for further details
the reader is referred to Wang et al., in press).
In order to collect numerical results and with the aim of assess-
ing the data provided by the homogenization model proposed,
analogously to the previous example, two different heterogeneous
FE dynamic elastic–plastic analyses have been performed by
means of the commercial code Strand 7.2. As in the previous case,0
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Fig. 14. Maximum out-of-plane displacement (at the end of the simulations,
200 ms) at increasing mortar tensile strength.a 2D and a 3D approach, hereafter labeled as WII2.5D and WII3D,
have been adopted. Mesh WII2.5D is constituted by quadrilateral
plates, whereas WII3D by solid brick elements. Fig. 16 shows the
discretization adopted for the simulations.
Again, for model WII2.5D, elastic–plastic eight-noded elements
were used, whereas for WII3D a double row of eight-noded brick
elements was disposed along wall thickness in order to reproduce
out-of-plane bending. WII3D constraints have been applied at the
boundary nodes belonging to the intrados, in order to avoid a ﬁcti-
tious extra-resistance of mortar joints caused by the possible pres-
ence of membrane compressive stresses at the middle surface.
Wu and Hao (2008) assumed for mortar joints and bricks a ten-
sile strength equal to 1 MPa and 2.6 MPa, respectively. As in the
previous example, joints initial tensile strength is rather high. Fur-
thermore, in Wu and Hao (2008), a marked softening branch in
tension is assumed, with the consequent reduction of ft almost toL
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Fig. 15. Masonry panel constrained at four edges and subjected to air-blast load.
Fig. 16. Masonry panel constrained at four edges and subjected to air-blast load. (a)
FE limit analysis discretization. (b) Elastic–plastic 2.5D model discretization
(WII2.5D). (c) Elastic–plastic 3D model discretization (WII3D).
Table 2
Masonry panel constrained at four edges and subjected to air-blast load. Mechanical
characteristics assumed for brick-mortar interfaces (ft: tension cut-off, c: cohesion, U:
friction angle, fc: compressive strength, U2: shape of the linearized compressive cap).
ft ðMPaÞ c Nmm2
	 

U fc ðMPaÞ U2
CASE A 0.2 1:2f t 30 5 30
CASE B 0.5 1:2f t 30 5 30
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behavior cannot be reproduced with the model here proposed.
In order to circumvent this drawback, a sensitivity analysis is
performed next, assuming for bricks-joints interfaces two different
tensile strength values, hereafter denoted as CASE A and B, respec-
tively equal to 0.2 MPa and 0.5 MPa (typically 1/5 and 1/2 of initial
strength).
For all the cases analyzed and for all the simulations conducted,
a Rankine failure criterion is adopted for bricks with tensile and
compressive strength equal to 2.6 MPa and 52 MPa, whereas for
mortar sub-domains a Mohr-Coulomb failure criterion is assumedwith ft ¼ 1MPa and U ¼ 30 (data collected from Wu and Hao
(2008)). When dealing with the rigid-plastic homogenization mod-
el, a linearization of the failure criterion originally proposed in
Lourenço and Rots (1997), see Fig. 3, is assumed for brick-joint
interfaces, see Table 2 for a synopsis of all the mechanical proper-
ties adopted. On the other hand, two different analyses on WII2.5D
and WIII3D models have been conducted, assuming a Mohr-Cou-
lomb failure criterion with decreasing cohesion c ¼ ff tanðUÞ for
mortar, ft values as in Table 2 and U ¼ 30.
In Fig. 17, a comparison among deformed shapes at t = 10 ms
provided by the present model, WII2D and WII3D in Case A is re-
ported. As it is possible to notice, all models give almost the same
response in terms of deformed shape for the particular instant time
inspected. No sensible differences among all models were found
varying both time and mortar mechanical properties.
Analogously to the previous example, processing time required
for the present rigid-plastic simulations was at least 180 times fas-
ter when compared with standard commercial code, conﬁrming
that reliable results can be obtained with a fraction of the compu-
tational effort.
In Figs. 18 and 19, the deformation evolution at different time
steps and the maximum displacement–time diagram up to 0.06 s
from the rigid-plastic analysis are represented respectively for
CASE A and CASE B.
A ﬁnal synopsis of all time-central point displacement diagrams
obtained by means of the different FE approaches presented previ-
ously and assuming different mechanical properties for the constit-
uent materials is reported in Fig. 20, carrying out the simulations to
100 ms. Furthermore, in Fig. 20, results obtained adopting a simpli-
ﬁed model based on a yield line solution and originally proposed
by Komarov and Nemirovskii (1985) are also represented. Such ap-
proach is based essentially on rigid-plastic assumptions for the
material, thus it is expected that it provides results in relative
agreement with the homogenized model proposed. As already
pointed out, no information is at disposal from the literature with
respect to numerical displacements at the centre of the plate at
successive time steps, and experimental data are missing. In any
case, comparisons with standard FE elastic–plastic approaches
conducted via a commercial software and hand calculations clearly
show that very reasonable results may be obtained by means of the
homogenization rigid-plastic model proposed.6. Conclusions
A homogenized rigid-plastic plate model for the analysis of ma-
sonry plates subjected to impacts and air-blasting has been pre-
sented. Bricks and mortar joints have been assumed obeying an
associated ﬂow rule with rigid perfectly plastic behavior. Out-of-
plane anisotropic masonry failure surfaces have been obtained by
means of a static limit analysis approach recently presented in
Milani et al. (2006c), in which the unit cell is subdivided into a
ﬁxed number of sub-domains and layers along the thickness. A
limited strength (frictional failure with compressive cap and ten-
sion cutoff) of brick-mortar interfaces has been also taken into ac-
count, thus making the reproduction of elementary cell failures
Fig. 17. Masonry panel constrained at four edges. Comparison among deformed shapes at t = 10 ms. (a) Homogenized limit analysis approach. (b) heterogeneous 2.5D
elastic–plastic FE approach. (c) Heterogeneous 3D elastic–plastic FE approach.
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joints possible.
Triangular Kirchhoff-Love elements with linear interpolation of
the displacements ﬁeld and constant moment within each element
have been used at a structural level, leading to a discretized qua-
dratic programming formulation at each time step for the analysis
of entire walls subjected to impacts.
Two examples have been treated, namely a running bond
masonry wall constrained at three edges and subjected to a pointimpact load and a masonry square plate constrained at four edges
and subjected to a distributed dynamic pressure.
While for the ﬁrst example some experimental data are avail-
able, the second analysis may be compared only with alternative
numerical procedures conducted with commercial software avail-
able in the market stock.
Comparisons with experiments (where available) may be at-
tempted only taking into account that rigid-plastic models perform
well if softening is not crucial, i.e. in presence of low mechanical
Fig. 18. Masonry panel constrained at four edges and subjected to air-blast load,
CASE A. (a) Maximum displacement–time diagram. (b) Perspective view of
deformed shape evolution (1/2 of plate).
Fig. 19. Masonry panel constrained at four edges and subjected to air-blast load,
CASE B. (a) Maximum displacement–time diagram. (b) Perspective view of
deformed shape evolution (1/2 of plate).
4148 G. Milani et al. / International Journal of Solids and Structures 46 (2009) 4133–4149properties for the constituent materials, or alternatively after joints
ﬁrst cracking, i.e. assuming an ‘‘equivalent” reduced tensile strength
for mortar.
For these reasons, the primary aim of the approach proposed is
to provide structural comparisons with alternative commercial FE
non-linear software, usually available in common design.
For all the simulations performed, the model proposed required
a negligible processing time if compared with standard FE incre-Table 3
CPU time required for the simulations and maximum displacement at the end of th
heterogeneous procedures.
Case CPU time (h:min:s)
Homogenized rigid-plastic 2.5D FEM
Example 1 A 0:4:12 9:11:01
B 0:3:56 12:27:44
Example 2 A 0:3:23 10:11:01
B 0:2:49 11:38:19
a Maximum displacement calculated at 200 ms.
b Maximum displacement calculated at 100 ms.
c At hand calculation based on the yield line theory.mental procedures, as represented in Table 3, where a synopsis
of CPU times required and maximum displacements at the end of
the simulations for both examples is reported. As one can note
from maximum displacements reported in Table 3, good agree-
ment has been found, for all the cases analyzed, both with standard
elastic–plastic FE procedures and at hand calculations. Finally,
Table 3 results indicate that the proposed simple tool can be usede simulations. Comparison between present numerical approach and standard FE
Maximum displacement (mm)
3D FEM Homogenized rigid-plastic 2.5D FEM 3D FEM
17:45:21 145a 152a 174a
21:09:51 46.2a 47a 48a
19:54:00 930b 1050b 1200b
20:51:47 650b 720b 770b
625c
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Fig. 20. Masonry panel constrained at four edges and subjected to air-blast load. Time-maximum out-of-plane displacement diagrams.
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for the safety assessment of out-of-plane loaded masonry panels
subjected to impacts, at a very small fraction of the time used for
conventional ﬁnite element analysis.References
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